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Let C be a complete non-singular irreducible curve of genus 4 over
an algebraically closed field of characteristic 0. We determine all possible
Weierstrass semigroups of ramification points on double covers of C which
have genus greater than 11. Moreover, we construct double covers with
ramification points whose Weierstrass semigroups are the possible ones.
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1 Introduction
A submonoid H of the additive monoid N0 of non-negative integers is called a
numerical semigroup if its complement N0\H is a finite set. The cardinality of
N0\H is called the genus of H , which is denoted by g(H). Let C be a complete
nonsingular irreducible curve over an algebraically closed field k of characteristic
0, which is called a curve in this paper. Let k(C) be the field of rational functions
on C. For a point P of C, we set
H(P ) = {α ∈ N0| there exists f ∈ k(C) with (f)∞ = αP},
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2which is called the Weierstrass semigroup of P . It is known that the Weierstrass
semigroup of a point on a curve of genus g is a numerical semigroup of genus g.
Let pi : C˜ −→ C be a double covering of a curve. We are interested in the
Weierstrass semigroup H(P˜ ) of a ramification point P˜ on the double cover C˜
of C. A numerical semigroup is said to be of double covering type, if it is such
a Weierstrass semigroup H(P˜ ). For a numerical semigroup H˜ we denote by
d2(H˜) the set consisting of the elements h˜/2 with even h˜ ∈ H˜ , which becomes a
numerical semigroup. Using this notation we have d2(H(P˜ )) = H(pi(P˜ )). Let g˜
be the genus of C˜. If C is the projective line, then P˜ is a Weierstrass point on the
hyperelliptic curve C˜ for any g˜ ≧ 2. Hence, the semigroup H(P˜ ) is generated by
2 and 2g˜+1. If C is an elliptic curve, then the semigroup H(P˜ ) is either 〈3, 4, 5〉
or 〈3, 4〉 or 〈4, 5, 6, 7〉 or 〈4, 6, 2g˜ − 3〉 with g˜ ≧ 4 or 〈4, 6, 2g˜ − 1, 2g˜ + 1〉 with
g˜ ≧ 4. Here for any positive integers a1, a2, . . . , an we denote by 〈a1, a2, . . . , an〉
the additive monoid generated by a1, a2, . . . , an. Conversely, there is a double
cover of an elliptic curve with a ramification point whose Weierstrass semigroup
is any semigroup of the above ones (for example, see [2], [3]). Oliveira and
Pimentel [8] studied Weierstrass semigroups H(P˜ ) in the case where the genus
of C is 2. They showed that for a semigroup H˜ = 〈6, 8, 10, n〉 with an odd number
n ≧ 11 there exists a double covering pi : C˜ −→ C with a ramification point P˜
such that H(P˜ ) = H˜. Moreover, in [3] we showed that all numerical semigroups
H˜ of genus ≧ 6 satisfying g(d2(H˜)) = 2 are of double covering type. In [5] we
proved that every numerical semigroup H˜ of genus ≧ 9 with g(d2(H˜)) = 3 is
of double covering type.
In this paper we will study the Weierstrass semigroups of ramification points
on double covers of genus four curves. Namely we prove
Main Theorem. Let H be a numerical semigroup of genus 4 and H˜ a numer-
ical semigroup with d2(H˜) = H. If g(H˜) ≧ 12, then H˜ is of double covering type.
But we note that Main Theorem does not hold in the case where g ≧ 5. That
is to say, for any g ≧ 5 there are numerical semigroups H˜ with g(d2(H˜)) = g
and g(H˜) ≧ 3g which are not of double covering type (see [4]).
In Section 2 we will treat known facts and new results which work well for
numerical semigroups of any genus with some properties. We know that a nu-
merical semigroup of genus 4 is either 〈2, 9〉 or 〈3, 5〉 or 〈3, 7, 8〉 or 〈4, 5, 6〉 or
〈4, 5, 7〉 or 〈4, 6, 7, 9〉 or 〈5, 6, 7, 8, 9〉. By [7] any numerical semigroup H˜ with
d2(H˜) = 〈2, 9〉 is of double covering type. From Section 3 to Section 8 we will
prove Main Theorem for each numerical semigroup H˜ with g(d2(H˜)) = 4 and
d2(H˜) 6= 〈2, 9〉.
32 General theory
In this section we will state results in [6] which are used after Section 2 and
give criterions for a numerical semigroup with some conditions to be of double
covering type. To explain these we need some terminology and notation. For
a numerical semigroup H we denote by c(H) and n(H) the least integer c with
c + N0 j H and the least odd integer in H respectively. Let m be a positive
integer. An m-semigroup means a numerical semigroup whose least positive
integer is m. For an m-semigroup H we set S(H) = {m, s1, . . . , sm−1} where
si = min{h ∈ H | h ≡ i mod m} for i = 1, . . . , m−1. We call S(H) the standard
basis for H . Moreover, we set smax = max{s1, . . . , sm−1}. In Lemma 2.1 of [6]
we may replace the assumption n > 2c(H)− 2 by n > c(H) +m− 2 as follows:
Remark 2.1 Let H be an m-semigroup and n an odd integer larger than c(H)+
m− 2. We set
Hn = 2H + nN0 = {2h+ ni | h ∈ H, i ∈ N0}.
Assume that n > 2m, which holds for any H 6= 〈m,m+1, . . . , m+m−1〉. Then
we have the following:
i) Hn is a 2m-semigroup with the standard basis
S(Hn) = {2m, 2s1, . . . , 2sm−1, n, n+ 2s1, . . . , n+ 2sm−1}.
ii) The genus of Hn is 2g(H) +
n− 1
2
.
Using Remark 2.1 we get the following whose proof is given in Lemma 2.3 of [5]:
Lemma 2.2 Let H be anm-semigroup and H˜ a numerical semigroup with d2(H˜) =
H. If n = n(H˜) ≧ c(H) +m− 1 and n 6= 2m− 1, then we get
g(H) +
n− 1
2
≦ g(H˜) ≦ 2g(H) +
n− 1
2
.
The right-hand (resp. left-hand) equality of the above inequalities holds if and only
if H˜ = 2H+nN0 (resp. 2H+nN0+(n+2)N0+(n+4)N0+· · ·+(n+2(m−1))N0).
In Theorem 2.2 of [6] we may replace the assumption n ≧ 2c(H) − 1 by n ≧
max{c(H) +m− 1, 2r + 1} where r is the genus of H as follows:
Proposition 2.3 Let H be a Weierstrass m-semigroup of genus r ≧ 0. Let n
be an odd number with n ≧ max{c(H) + m − 1, 2r + 1}. Then the numerical
semigroup Hn = 2H + nN0 is of double covering type.
4We get the following statement for special numerical semigroups H˜ with
g(H˜) = 2g(H) +
n− 1
2
− 1 in [4].
Proposition 2.4 Let H be an m-semigroup and n an odd integer with n ≧
max{c(H) +m− 1, 2g(H) + 3}. We set H˜ = 2H + nN0 + (n+ 2(smax −m))N0.
Then we have the following:
1) g(H˜) = 2g(H) +
n− 1
2
− 1.
2) If H is Weierstrass, then H˜ is of double covering type.
If the genus of H˜ is 2g(H) +
n− 1
2
− 1 and d2(H˜) is symmetric, then we can
solve our problem (see [4]):
Proposition 2.5 Let H be a symmetric m-semigroup and H˜ a numerical semi-
group with d2(H˜) = H. Assume that n = n(H˜) ≧ max{2g(H)+m−1, 2g(H)+3}.
Then the following are equivalent:
1) g(H˜) = 2g(H) +
n− 1
2
− 1,
2) H˜ = 2H + nN0 + (n+ 2(smax −m))N0.
In this case, if H is Weierstrass, then H˜ is of double covering type.
We consider the special case where the genus of H˜ is 2g(H) +
n− 1
2
− 2 and
d2(H˜) is symmetric. Then we get the following:
Proposition 2.6 Let H be a symmetric m-semigroup with m ≧ 3. Let n be an
odd integer satisfying n ≧ 2g(H) +m− 1. We set
H˜ = 2H + nN0 + (n + 2(smax − 2m))N0.
Then we have the following:
1) The genus of H˜ is 2g(H) +
n− 1
2
− 2.
2) If H is Weierstrass and g(H˜) ≧ 3g(H), then H˜ is of double covering type.
Proof. 1) Let si 6= smax and n + 2si − 2m = n + 2(smax − 2m) + h˜ with h˜ ∈ H˜ .
Then we get 2si = 2smax − 2m + h˜. By Proposition 3.4 and Lemma 3.2 in [4]
there exists sj 6= smax such that 2smax = 2si+2sj = 2smax−2m+ h˜+2sj. Hence,
we get 2m = h˜ + 2sj ≧ 2sj > 2m, which is a contradiction. Therefore, we have
g(H˜) = 2g(H) +
n− 1
2
− 2.
2) Let (C, P ) be a pointed curve of genus g with H(P ) = H . We set D =
n + 1
2
P−Q1−Q2, where Qi 6= P for i = 1, 2. Then we have h
0(mP−Q1−Q2) = 0
for almost all points Q2. Since 2g+
n− 1
2
−2 = g(H˜) ≧ 3g, we obtain n ≧ 2g+5.
5Hence, we have deg(2D − P ) = n − 4 ≧ 2g + 1. Thus, the divisor 2D − P is
very ample. Hence, we can construct a double covering pi : C˜ −→ C with a
ramification point P˜ over P . Since the degree of the branch divisor of pi is
deg(2D), the genus of C˜ is equal to g(H˜). We have
h0((n− 1)P˜ ) = h0(
n− 1
2
P ) + h0(Q1 +Q2 − P )
and
h0((n+ 1)P˜ ) = h0(
n+ 1
2
P ) + h0(Q1 +Q2).
In view of Qi 6= P we have n ∈ H(P˜ ). Moreover, we obtain
h0((n−1+2(smax−2m))P˜ ) = h
0((
n− 1
2
+smax−2m)P )+h
0((smax−2m−1)P+Q1+Q2)
and
h0((n+1+2(smax−2m))P˜ ) = h
0((
n + 1
2
+smax−2m)P )+h
0((smax−2m)P+Q1+Q2).
On the other hand, we have
h0((smax − 2m− 1)P +Q1 +Q2)
= smax − g − 2m+ 2 + h
0(mP −Q1 −Q2) = smax − g − 2m+ 2
and
h0((smax − 2m)P +Q1 +Q2)
= smax − g − 2m+ 3 + h
0((m− 1)P −Q1 −Q2) = smax − g − 2m+ 3
because of K ∼ (smax − m − 1)P and h
0(mP − Q1 − Q2) = 0. Hence, we get
n + 2(smax − 2m) ∈ H(P˜ ). Since the genus of H(P˜ ) coincides with that of H˜ ,
we have H˜ = H(P˜ ), which implies that H˜ is of double covering type. ✷
The following is a key tool for showing that a given numerical semigroup H˜
with g(d2(H˜)) = 4 and g(H˜) ≧ 3g(d2(H˜)) is of double covering type.
Theorem 2.7 Let H be a Weierstrass numerical semigroup. Take a pointed
curve (C, P ) with H(P ) = H. Let H˜ be a numerical semigroup with d2(H˜) = H
with g(H˜) ≧ 3g(H). Let r be an integer with 0 ≦ r ≦ g(H) and Q1, . . . , Qr
points of C different from P with h0(Q1 + · · · + Qr) = 1. We set n = n(H˜).
Assume that g(H˜) = 2g(H) +
n− 1
2
− r and that H˜ has an expression
H˜ = 2H + 〈n, n + 2l1, . . . , n+ 2ls〉
of generators with positive integers l1, . . . , ls such that
h0(liP +Q1 + · · ·+Qr) = h
0((li − 1)P +Q1 + · · ·+Qr) + 1
for all i. Then there is a double covering pi : C˜ −→ C with a ramification point
P˜ over P satisfying H(P˜ ) = H˜, hence H˜ is of double covering type.
6Proof. By Theorem 2.2 in [5] it suffices to show that the complete linear system
|nP − 2Q1 − · · · − 2Qr| is base point free. Since g(H˜) ≧ 3g(H) and g(H˜) =
2g(H) +
n− 1
2
− r, we have n − 2r ≧ 2g(H) + 1. Hence, the complete linear
system is very ample, which implies that it is base point free. ✷
Using the above theorem we get the following:
Corollary 2.8 Let H be a Weierstrass numerical semigroup and H˜ a numerical
semigroup with d2(H˜) = H and g(H˜) ≧ 3g(H). Assume that n = n(H˜) ≧ c(H)+
m−1 with n 6= 2m−1. If g(H˜) = g(H)+
n− 1
2
, then H˜ is of double covering type.
Proof. Let (C, P ) be a pointed curve with H(P ) = H . Let Q1, . . . , Qg be general
points of C. Then we get h0(Q1+ · · ·+Qg) = 1. In view of g(H˜) = g(H)+
n− 1
2
,
we have
H˜ = 2H + nN0 + (n+ 2)N0 + (n + 4)N0 + · · ·+ (n + 2(m− 1))N0
by Lemma 2.2. Since we obtain h0(iP + Q1 + · · · + Qg) = i + 1 for i ≧ 0, by
Theorem 2.7 H˜ is of double covering type. ✷
3 Numerical semigroups H˜ with d2(H˜) = 〈3, 5〉
Theorem 3.1 We set H = 〈3, 5〉. Let H˜ be a numerical semigroup with d2(H˜) =
H. If g(H˜) ≧ 12, then H˜ is of double covering type.
Proof. We take a pointed curve (C, P ) with H(P ) = 〈3, 5〉. Then a canonical
divisor K on C is linearly equivalent to 6P . We set n = n(H˜). If n ≦ 7, then
we have g(H˜) < 12. If n = 9, then H˜ k 〈6, 9, 10〉. We have g(〈6, 9, 10〉) = 12. If
we set D = 5P , the same proof as in Theorem 2.2 of [6] works well. Hence, the
semigroup H˜ is of double covering type. Therefore, we may assume that n ≧ 11.
By Lemma 2.2 we obtain 4 +
n− 1
2
≦ g(H˜) ≦ 8 +
n− 1
2
.
If g(H˜) = 8 +
n− 1
2
, then H˜ is of double covering type by Proposition 2.3.
If g(H˜) = 7 +
n− 1
2
, then H˜ is of double covering type by Proposition 2.5,
because the semigroup H is symmetric.
Let g(H˜) = 6 +
n− 1
2
. First, we note that
S(2H + nN0) = {6, 10, 20, n, n+ 10, n+ 20}.
Hence, H˜ is either
2H + nN0 + (n + 8)N0 or 2H + nN0 + (n+ 4)N0.
7In the first case, H˜ is of double covering type by Proposition 2.6, because H is
symmetric and 8 is 2(smax−2 ·3). We consider the second case. Let S be a point
distinct from P . Then there exists a unique set {Q1, Q2} of points of C distinct
from P such that 3P ∼ S +Q1 +Q2. Then we have
h0(P+Q1+Q2) = h
0(K−P−Q1−Q2) = h
0(2P+3P−Q1−Q2) = h
0(2P+S) = 1,
because C has a unique trigonal system |3P |. Moreover, we have
h0(2P +Q1 +Q2) = 1 + h
0(P + 3P −Q1 −Q2) = 1 + h
0(P + S) = 2.
Hence, by Theorem 2.7 the semigroup 2H+nN0+(n+4)N0 is of double covering
type.
Let g(H˜) = 5+
n− 1
2
. Then H˜ is either 〈6, 10, n, n+4, n+8〉 or 〈6, 10, n, n+2〉.
In the first case we will show that H˜ is of double covering type. Let Q1 be a point
of C distinct from P . If Q2 and Q3 are general points, then we have
h0(5P −Q1 −Q2 −Q3) = 0.
Hence, we get
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(4P −Q1 −Q2 −Q3) = 2.
Moreover, we have
h0(P +Q1 +Q2 +Q3) = 1 + h
0(5P −Q1 −Q2 −Q3) = 1,
which implies that
h0(2P +Q1 +Q2 +Q3) = h
0(P +Q1 +Q2 +Q3) + 1.
We also see that
h0(3P +Q1 +Q2 +Q3) = 3 + h
0(3P −Q1 −Q2 −Q3) = 3.
Moreover, we get h0(4P +Q1 +Q2 +Q3) = 4, which implies that
h0(4P +Q1 +Q2 +Q3) = h
0(3P +Q1 +Q2 +Q3) + 1.
By Theorem 2.7 the semigroup 〈6, 10, n, n+ 4, n+ 8〉 is of double covering type.
Next, we will consider the second case. If Q1 is distinct from P andQ2 is a general
point, then we have h0(5P −Q1−Q2) = 1, which implies that an effective divisor
F with F ∼ 5P − Q1 − Q2 is uniquely determined. We set F = R1 + R2 + R3.
Then we have R1 +R2 +R3 6= 3P . Hence, we may assume that R1 6= P . We set
Q3 = R1. Then we have
h0(P +Q1 +Q2 +Q3) = 1 + h
0(5P −Q1 −Q2 −Q3) = 1 + h
0(R2 +R3) = 2.
8Moreover, we have h0(Q1 +Q2 +Q3) = 1 for general points Q1 and Q2. In fact,
we assume that h0(Q1 + Q2 + Q3) = 2 for general points Q1 and Q2. Then we
have Q1 +Q2 +Q3 ∼ 3P , which contradicts h
0(3P ) = 2. Hence, we get
h0(P +Q1 +Q2 +Q3) = h
0(Q1 +Q2 +Q3) + 1.
By Theorem 2.7 the semigroup 〈6, 10, n, n+ 2〉 is of double covering type.
Let g(H˜) = 4 +
n− 1
2
. By Corollary 2.8 H˜ is of double covering type. ✷
4 Numerical semigroups H˜ with d2(H˜) = 〈3, 7, 8〉
Theorem 4.1 We set H = 〈3, 7, 8〉. Let H˜ be a numerical semigroup with
d2(H˜) = H. If g(H˜) ≧ 12, then H˜ is of double covering type.
Proof. We set n = n(H˜). Let n ≦ 7. Then H˜ contains either 〈6, 7, 16〉 or
〈5, 6, 14〉 or 〈3, 14, 16〉, whose genus is less than 12. Hence, we may assume
n ≧ 9. Let (C, P ) be a pointed curve with H(P ) = 〈3, 7, 8〉. Then we have
KC ∼ 4P +R1 +R2 where R1 and R2 are points distinct from P .
Let g(H˜) = 8 +
n− 1
2
. By Lemma 2.2 and Proposition 2.3 H˜ is of double
covering type.
Let g(H˜) = 7 +
n− 1
2
. First, we note that
S(2H + nN0) = {6, 14, 16, n, n+ 14, n+ 16}.
Then H˜ is either 2H+nN0+(n+10)N0 or 2H+nN0+(n+8)N0. By Proposition
2.4 the first one is of double covering type. Let Q = R1. Then we have
h0(3P +Q) = 1 + h0(P +R2) = 2 and h
0(4P +Q) = 2 + h0(R2) = 3,
which implies that h0(4P + Q) = h0(3P + Q) + 1. Hence, by Theorem 2.7 the
latter one is also of double covering type.
Let g(H˜) = 6+
n− 1
2
. H˜ is either 2H+nN0+(n+2)N0 or 2H+nN0+(n+4)N0
or 2H + nN0 + (n + 8)N0 + (n + 10)N0. Let Q1 = R1 and Q2 = R2. Then we
have
h0(P +Q1 +Q2) = h
0(3P ) = 2 = h0(Q1 +Q2) + 1,
which implies that the first semigroup is of double covering type. Let Q1 be a
distinct point from P , R1 and R2. Then we will show that h
0(2P+R1+R2−Q1) =
1. In fact, if h0(2P +R1 +R2 −Q1) = 2, we would have either
2P +R1 +R2 −Q1 ∼ 3P or 2P +R1 +R2 −Q1 ∼ P +R1 +R2.
9The first case implies that R1 + R2 ∼ P + Q1, which is a contradiction. The
second case means that P ∼ Q1. This contradicts P 6= Q1. Hence, there is a
unique effective divisor E with E ∼ 2P +R1+R2−Q1. Then E contains a point
S different from P . If E = 3P , then 3P ∼ 2P + R1 + R2 − Q1, which implies
that P + Q1 ∼ R1 + R2. This is a contradiction. For any point Q2 we have
h0(3P +R1 +R2 −Q1 −Q2) = 1 . As a matter of fact, if there is some point Q2
such that h0(3P+R1+R2−Q1−Q2) = 2, then either 3P+R1+R2−Q1−Q2 ∼ 3P
or 3P +R1+R2−Q1−Q2 ∼ P +R1+R2 holds. This contradicts the assumption
on Q1. Let Q2 = S. Then we obtain
h0(P +Q1 +Q2) = 3 + 1− 4 + h
0(3P +R1 +R2 −Q1 −Q2) = 1
and
h0(2P +Q1 +Q2) = 1 + h
0(2P +R1 +R2 −Q1 −Q2) = 1 + h
0(E − S) = 2.
Hence, the second semigroup is of double covering type. We consider the third
case. Let Q1 be distinct from P , R1 and R2. Since we have h
0(P +R1+R2) = 2,
there is a unique effective divisor E which is linearly equivalent to P + R1 +
R2 − Q1. Let Q2 be a point different from P with Q2 6< E. Then we have
h0(5P +Q1 +Q2) = 7 + 1− 4 = 4 and
h0(4P +Q1 +Q2) = 6 + 1− 4 + h
0(R1 +R2 −Q1 −Q2) = 3,
because Q1 is distinct from R1 and R2. Moreover, we obtain
h0(3P +Q1 +Q2) = 2 + h
0(P +R1 +R2 −Q1 −Q2) = 2 + h
0(E −Q2) = 2,
because of Q2 6< E. Hence, the third semigroup is of double covering type.
Let g(H˜) = 5 +
n− 1
2
. Then the semigroup H˜ is either
2H + nN0 + (n + 2)N0 + (n+ 10)N0 or 2H + nN0 + (n+ 4)N0 + (n+ 8)N0.
Let Q1, Q2 and Q3 be points distinct from P where Q1 and Q2 are general. Then
we have
h0(5P +Q1 +Q2 +Q3) = 5 and h
0(4P +Q1 +Q2 +Q3) = 4.
Since Q1 and Q2 are general, we get h
0(K−P −Q1−Q2) = 1, which implies that
there is a unique effective divisor E with E ∼ K − P − Q1 − Q2 and E 6= 3P .
Let Q3 < E. Then we obtain
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3) = 1 + h
0(E −Q3) = 2.
Moreover, we have h0(Q1+Q2+Q3) = 1, because Q1 and Q2 are general. Hence,
the first one is of double covering type. Let Q1, Q2 and Q3 be general points.
Then we have
h0(4P +Q1 +Q2 +Q3) = 4 and h
0(3P +Q1 +Q2 +Q3) = 3.
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Moreover, we obtain
h0(2P +Q1 +Q2 +Q3) = 2 and h
0(P +Q1 +Q2 +Q3) = 1.
Thus, the latter one is also of double covering type.
Let g(H˜) = 4 +
n− 1
2
. By Corollary 2.8 H˜ is of double covering type. ✷
5 Numerical semigroups H˜ with d2(H˜) = 〈4, 5, 6〉
Theorem 5.1 We set H = 〈4, 5, 6〉. Let H˜ be a numerical semigroup with
d2(H˜) = H. If g(H˜) ≧ 12, then H˜ is of double covering type.
Proof. We take a pointed curve (C, P ) with H(P ) = 〈4, 5, 6〉. In this case
we have K ∼ 6P . If n = n(H˜) ≦ 9, then H˜ k 〈8, 9, 10, 12〉. Since the
genus of 〈8, 9, 10, 12〉 is 12, we have H˜ = 〈8, 9, 10, 12〉. If we set D = 5P ,
the same proof as in Theorem 2.2 of [6] works well. Hence, the semigroup H˜
is of double covering type. If n ≦ 7, then we have g(H˜) < 12. Thus, we may
assume that n ≧ 11.
If g(H˜) = 8 +
n− 1
2
or 7 +
n− 1
2
, then H˜ is of double covering type by
Propositions 2.3 and 2.5.
If g(H˜) = 6 +
n− 1
2
, then H˜ is either
2H + nN0 + (n+ 2)N0 or 2H + nN0 + (n+ 4)N0 or 2H + nN0 + (n + 6)N0,
because of S(2H+nN0) = {8, 10, 12, 22, n, n+10, n+12, n+22}. By Proposition
2.6 the last semigroup is of double covering type. We will show that the first
semigroup is of double covering type. There exists a point Q1 ∈ C such that
Bs|5P − Q1| 6= ∅. In fact, assume that we had Bs|5P − Q1| = ∅ for any point
Q1 ∈ C. Then |5P | is a very ample divisor with dim |5P | = 2. But C is not
isomorphic to a plane curve. This is a contradiction. Take a point Q1 ∈ C such
that Bs|5P − Q1| 6= ∅. Then Q1 6= P , because |4P | is base point free. Hence,
there is a point Q2 ∈ C such that dim |5P −Q1 −Q2| = dim |5P −Q1|. In this
case, we have Q2 6= P , because |4P | and |5P | are base point free. Then we obtain
h0(P +Q1 +Q2) = h
0(5P −Q1 −Q2) = h
0(5P −Q1) = 2
and h0(Q1 + Q2) = 1. Hence, the first one is of double covering type. We
will show that the second semigroup is of double covering type. For any point
Q 6= P , the set consisting of three points R1(Q), R2(Q) and R3(Q) with 4P−Q ∼
R1(Q)+R2(Q)+R3(Q) is uniquely determined, where R1(Q), R2(Q) and R3(Q)
are distinct from P because of h0(3P ) = 1. Then we have
h0(4P −Q− R1(Q)) = h
0(R2(Q) +R3(Q)) = 1.
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Moreover, we have
h0(5P −Q−R1(Q)) = h
0(P +R2(Q) + R3(Q)).
Assume that for any point Q 6= P we had h0(5P − Q − R1(Q)) = 2. Since we
have at most two trigonal systems on C, there exists a point Q1 6= P such that
for infinitely many points Q′ we have
P +R2(Q1) +R3(Q1) ∼ P +R2(Q
′) +R3(Q
′),
which implies that R2(Q1) + R3(Q1) ∼ R2(Q
′) + R3(Q
′). Therefore, we get
Q1 + R1(Q1) ∼ Q
′ + R1(Q
′) for infinitely many points Q′. Hence, we get Q1 =
R1(Q
′) and R1(Q1) = Q
′. But the set {R1(Q1), R2(Q1), R3(Q1)} is uniquely
determined. This is a contradiction. Thus, there exists a point Q 6= P with
h0(5P −Q− R1(Q)) = 1 where R1(Q) 6= P . Hence, we get
h0(2P +Q +R1(Q)) = 1 + h
0(4P −Q−R1(Q)) = 2
and
h0(P +Q+R1(Q)) = h
0(5P −Q− R1(Q)) = 1.
Let g(H˜) = 5 +
n− 1
2
. Then H˜ is either
2H + nN0 + (n + 2)N0 + (n+ 4)N0 or 2H + nN0 + (n + 2)N0 + (n+ 6)N0
or 2H + nN0 + (n+ 4)N0 + (n+ 6)N0.
We will show that the first one is of double covering type. Let Q1 be a point of
C distinct from P . There is a unique set consisting of three points R1, R2 and
R3 such that 4P −Q1 ∼ R1 +R2 +R3. Since we have Q1 6= P and h
0(3P ) = 1,
we get P 6∈ {R1, R2, R3}. We set Q2 = R1 and Q3 = R2. Then we obtain
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(4P −Q1 −Q2 −Q3) = 2 + h
0(R3) = 3
and
h0(P +Q1 +Q2 +Q3) = 1 + h
0(5P −Q1 −Q2 −Q3) = 1 + h
0(P +R3) = 2.
Moreover, we get h0(Q1 +Q2 + Q3) = 1. In fact, we assume that h
0(Q1 +Q2 +
Q3) = 2. We have
2 = h0(2P + 4P −Q1 −Q2 −Q3) = h
0(2P +R3).
If there exists a unique trigonal system g1
3
, then we get
6P ∼ K ∼ 2g1
3
∼ 4P + 2R3.
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This contradicts R3 6= P . If there exist two trigonal systems g
1
3
and h1
3
, Then we
obtain
2 = h0(h1
3
) = h0(K − g1
3
) = h0(6P − 2P −R3) = h
0(4P −R3).
This is a contradiction. Next, we will prove that the second semigroup is
of double covering type. Let Q1 be a point different from P . For a general
point Q2 we have h
0(5P −Q1 −Q2) = 1. Then for any point Q3 we obtain
h0(Q1 +Q2 +Q3) = h
0(K −Q1 −Q3 −Q2) = 1.
On the other hand, we have 5P − Q1 − Q2 ∼ R1 + R2 + R3 where the set
{R1, R2, R3} is uniquely determined. Then we get R2 6= P or R3 6= P , because of
h0(3P ) = 1 and Q1 6= P . Hence we may assume that R3 6= P . We set Q3 = R3.
Then we obtain
h0(P +Q1 +Q2 +Q3) = 1 + h
0(5P −Q1 −Q2 −Q3) = 1 + h
0(R1 +R2) = 2.
Moreover, we get
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(4P −Q1 −Q2 −Q3) = 2,
because Q2 is general. On the other hand, we see that
h0(3P +Q1 +Q2 +Q3) = 3 + h
0(3P −Q2 −Q1 −Q3) = 3.
Finally, we will show that the last one is of double covering type. Let Q1, Q2
and Q3 be three points with Q1 6= P . Then we get 3P + Q1 + Q2 + Q3 6∼ K,
because of K ∼ 6P and Q1 6= P . Hence, we get h
0(3P + Q1 + Q2 + Q3) = 3.
Moreover, we get
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(4P −Q1 −Q2 −Q3) = 2
if Q2 is general. We also have
h0(P +Q1 +Q2 +Q3) = 1 + h
0(5P −Q1 −Q2 −Q3) = 1
if Q2 and Q3 are general.
Let g(H˜) = 4 +
n− 1
2
. By Corollary 2.8 H˜ is of double covering type. ✷
6 Numerical semigroups H˜ with d2(H˜) = 〈4, 5, 7〉
Theorem 6.1 We set H = 〈4, 5, 7〉. Let H˜ be a numerical semigroup with
d2(H˜) = H. Assume that g(H˜) ≧ 12. Then H˜ is of double covering type.
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Proof. We take a pointed curve (C, P ) with H(P ) = 〈4, 5, 7〉. In this case we have
K ∼ 5P + R with R 6= P . Let n = n(H˜) ≦ 9. If n = 9, then H˜ k 〈8, 9, 10, 14〉
whose genus is 12. Hence, we have H˜ = 〈8, 9, 10, 14〉. If we set D = 5P , the
same proof as in Theorem 2.2 of [6] works well. Thus, the semigroup H˜ is
of double covering type. If n ≦ 7, then we have g(H˜) < 12. Hence, we may
assume that n ≧ 11.
Let g(H˜) = 8 +
n− 1
2
. By Lemma 2.2 and Proposition 2.3 H˜ is of double
covering type.
Let g(H˜) = 7 +
n− 1
2
. We have the standard basis
S(2H + nN0) = {8, 10, 14, 20, n, n+ 10, n+ 14, n+ 20}.
Hence H˜ is either
2H + nN0 + (n+ 6)N0 or 2H + nN0 + (n + 12)N0.
By Proposition 2.4 the second one is of double covering type. Let Q = R. Then
we have
h0(3P +Q) = 1 + h0(2P +R−Q) = 1 + h0(2P ) = 2
and
h0(2P +Q) = h0(3P +R−Q) = h0(3P ) = 1,
which implies that the first one is of double covering type.
Let g(H˜) = 6 +
n− 1
2
. Then H˜ is either
2H + nN0 + (n+ 2)N0 or 2H + nN0 + (n + 4)N0
or 2H + nN0 + (n+ 6)N0 + (n+ 12)N0.
We will show that the first semigroup is of double covering type. Let g1
3
be
a trigonal system on C. There is a unique set {Q1, Q2} of points of C with
g1
3
− P ∼ Q1 +Q2. Then we have
h0(P +Q1 +Q2) = 2 = h
0(Q1 +Q2) + 1.
Hence, it suffices to show that we may take Q1 and Q2 different from P . Now
we have Q1 +Q2 6= 2P . Hence, we may assume that Q2 6= P . If C has a unique
trigonal system g1
3
. Then we get
5P +R ∼ K ∼ 2g1
3
∼ 2P + 2Q1 + 2Q2,
which implies that 3P + R ∼ 2Q1 + 2Q2. If Q1 = P , then P + R ∼ 2Q2, which
contradicts Q2 6= P . Assume that the curve C has two trigonal systems g
1
3
and
h1
3
and Q1 = P . Then we have
h1
3
∼ K − g1
3
6∼ g1
3
∼ 2P +Q2.
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Let h1
3
− P ∼ S1 + S2 where the set {S1, S2} is uniquely determined. Then we
may assume that S2 6= P . If S1 = P , then we get
5P +R ∼ K ∼ g1
3
+ h1
3
∼ 4P +Q2 + S2,
which implies that P + R ∼ Q2 + S2. This contradicts Q2 6= P and S2 6= P .
Thus, we replace Q1 and Q2 by S1 and S2 respectively. For the third semigroup
let Q1 = R and let Q2 be a general point. Then we obtain
h0(2P +Q1 +Q2) = 1 + h
0(5P +R− 2P −Q1 −Q2) = 1 + h
0(3P −Q2) = 1
and
h0(3P +Q1 +Q2) = 2 + h
0(5P +R− 3P −Q1 −Q2) = 2 + h
0(2P −Q2) = 2.
Moreover, we have
h0(5P +Q1 +Q2) = 4 and h
0(6P +Q1 +Q2) = 5.
Hence, the third one is of double covering type. Let C0 be a singular plane curve
defined by the equation
(1) a(yz − x2)(y − 2x+ z)(y − 2x− 3z)z + bxy2(y − z)2 = 0.
Using Bertini’s theorem, for general a, b ∈ k, C0 is a singular plane curve with
two singularities A = (1, 1, 1) and B = (−1, 1, 1), which are nodes. In this case,
let C be the normalization of C0. Then the curve C has genus 4. Moreover, let
P = (0, 0, 1) ∈ C be the origin. Then we have dim |3P | = −1+ i(3P ). Let C2 be
a conic defined by yz−x2 = 0. Take a conic C ′ in i(3P ), i.e., a conic C ′ through
3P , A and B. Then the intersection C ′.C2 contains A, B and 3P . Hence we get
C ′ = C2, which implies that dim |3P | = 0. Similarly, we obtain dim |4P | = 1 and
dim |5P | = 2. A conic in i(6P ) should be C2. But the intersection C0.C2 contains
5P but not 6P . Hence we get i(6P ) = 0, which implies that dim |6P | = 2. Thus,
we have H(P ) = 〈4, 5, 7〉. Consider a line L0 defined by the equation y = 0.
Then the intersection C0.L0 is the divisor 2P +Q1 +Q2 + S where P = (0, 0, 1),
Q1 = (
1
2
, 0, 1), Q2 = (−
3
2
, 0, 1) and S = (1, 0, 0). Hence, we get
dim |2P +Q1 +Q2| ≧ dim |2P +Q1 +Q2 + S| − 1
= 1 + h0(K − 2P −Q1 −Q2 − S)− 1 = 1,
because a conic containing 2P,Q1, Q2, S, A and B should be L0L1 where L1 is
the line defined by the equation y = z. Moreover, we have
dim |P +Q1 +Q2| = −1 + h
0(K − P −Q1 −Q2) = −1 + 1 = 0,
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because a conic containing five points P,Q1, Q2, A and B should be L0L1. Hence
the second semigroup is of double covering type.
Let g(H˜) = 5 +
n− 1
2
. Then H˜ is either
2H + nN0 + (n + 4)N0 + (n+ 6)N0 or 2H + nN0 + (n + 2)N0 + (n+ 6)N0
or 2H + nN0 + (n + 2)N0 + (n+ 4)N0.
We will prove that the first semigroup is of double covering type. Let Q1 be a
point of C different from P and Qi a general point for i = 2, 3. Then we have
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3) = 1,
h0(2P +Q1 +Q2 +Q3) = 2 and h
0(3P +Q1 +Q2 +Q3) = 3.
Next, we will show that the second semigroup is of double covering type. Let
Qi 6= P for i = 1, 2, 3 and Qj a general point for j = 1, 2. Then 3P + Q1 +
Q2 + Q3 6∼ 5P + R ∼ K, because of h
0(K − 3P ) = h0(3P ) = 1. Hence, we get
h0(3P +Q1 +Q2 +Q3) = 3. Moreover, we have
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(K − 2P −Q1 −Q2 −Q3) = 2 + 2− 2 = 2,
because Q1 and Q2 are general. Since h
0(K − P − Q1 − Q2) = 1, a divisor
S1 + S2 + S3 linearly equivalent to K − P − Q1 − Q2 is uniquely determined.
Then we have S1+S2+S3 6= 3P , because Q1 and Q2 are distinct from P . Hence,
we may assume that S3 6= P . We set Q3 = S3. Then we obtain
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3) = 1 + h
0(S1 + S2) = 2.
Since Q1 and Q2 are general, we may assume that h
0(Q1+Q2+Q3) = 1. Lastly,
we will see that the third one is of double covering type. We use the curve C
which is the the normalization of the singular curve C0 defined by (1). Let L1
and L2 be the lines defined by the equations y = 2x − z and y = 2x + 3z
respectively. The intersections L1.C0 and L2.C0 define distinct trigonal systems
g1
3
and h1
3
on C. We set g1
3
− P ∼ Q1 +Q2 and h
1
3
− P ∼ Q3 +Q4. In this case ,
we have Q1+Q2 6∼ Q3+Q4. We may assume that Q1 6= P and Q3 6= P , because
3 6∈ H(P ) implies that g1
3
6∼ 3P and h1
3
6∼ 3P . Moreover, we obtain
5P +R ∼ K ∼ g1
3
+ h1
3
∼ 2P +Q1 +Q2 +Q3 +Q4.
Since Q1 6= P and Q3 6= P , the equalities Q2 = Q4 = P do not hold. Hence, we
may assume that Q2 6= P . Then we get
h0(2P +Q1 +Q2 +Q3) = h
0(K −Q4) = 3
and
h0(P +Q1 +Q2 +Q3) = h
0(K −Q4 − P ) = 2.
Since Qi 6= P for i = 1, 2, 3, we have Q1 +Q2 +Q3 6∼ g
1
3
and Q1 +Q2 +Q3 6∼ h
1
3
.
Hence, we get h0(Q1 +Q2 +Q3) = 1.
Let g(H˜) = 4 +
n− 1
2
. By Corollary 2.8 H˜ is of double covering type. ✷
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7 Numerical semigroups H˜ with d2(H˜) = 〈4, 6, 7, 9〉
In this section we set H = 〈4, 6, 7, 9〉.
Proposition 7.1 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume
that g(H˜) ≧ 12. If g(H˜) = 7 +
n− 1
2
where n = n(H˜), then H˜ is of double
covering type.
Proof. In this case, H˜ is either 2H + (n + 10)N0 or 2H + (n + 6)N0 or 2H +
(n + 4)N0. Let (C, P ) be a pointed curve with H(P ) = 〈4, 6, 7, 9〉. Then we
have K ∼ 4P + R1 + R2 with Ri 6= P for i = 1, 2. Let Q be a point distinct
from P , R1 and R2. Then we get h
0(5P + Q) = 3 + h0(R1 + R2 − P − Q) = 3
and h0(4P + Q) = 2 + h0(R1 + R2 − Q) = 2. Hence, the first semigroup is
of double covering type.
For general elements a and b ∈ k, let (C, P ) be the pointed curve defined by
the equation ax(y−x)2(y+x)2+ b(yz3−x4)(y− z) = 0 with P = (0, 0, 1). Then
the curve C has only two nodes A = (−1, 1, 1) and B = (1, 1, 1) as singularities.
Let T be the line defined by the equation y = 0, which is the tangent line at
P . In fact, we have T.C = 4P + Q where Q = (−
b
a
, 0, 1). We consider the line
L through A and B, i.e., y − z = 0. Then we get L.C = 2A + 2B + R where
we set R = (0, 1, 1). Hence, the conic y(y − z) cuts a canonical divisor 4P +
Q +R on the normalization of C. Since a conic containing A,B, 3P is uniquely
determined, we get h0(3P ) = h0(K − 3P ) = 1, h0(4P ) = 1 + h0(K − 4P ) = 2
and h0(5P ) = 2 + h0(K − 5P ) = 2, which implies that H(P ) = 〈4, 6, 7, 9〉. On
the other hand, we get h0(3P + Q) = h0(K − P − R) = 2. Moreover, we have
h0(2P + Q) = h0(K − 2P − Q) = 1, because a conic containing A,B, 2P,Q is
uniquely determined, it is the conic y(y − z). Namely, the second semigroup is
of double covering type.
For the third semigroup we use Proposition 17 in [1] as follows: There exists
a curve C of genus 4 which is a triple covering of P1 with an ordinary ramification
point P whose Weierstrass semigroup is 〈4, 6, 7, 9〉. Hence, we get h0(2P+Q) = 2
and h0(P + Q) = 1 for some point Q distinct from P . Namely, the third one is
of double covering type. ✷
Proposition 7.2 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume
that g(H˜) ≧ 12. If g(H˜) = 6 +
n− 1
2
where n = n(H˜), then H˜ is of double
covering type.
Proof. Let C0 be the singular plane curve defined by the equation
a(yz − x2)(y − 2x+ z)(y − 2x− 3z)z + by2(y − z)2(x+ 2z) = 0.
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Using Bertini’s theorem, for general a and b the curve C0 has only two singular-
ities A = (1, 1, 1) and B = (−1, 1, 1). Let C be the normalization of C0. Then
the curve C has genus 4. Let P = (0, 0, 1) ∈ C be the origin. Then we have
dim |3P | = −1+ i(3P ). Let C2 be the conic defined by yz−x
2 = 0. Take a conic
C ′ in i(3P ). Then the intersection C ′.C2 contains A, B and 3P . Hence we get
C ′ = C2, which implies that dim |3P | = 0. Similarly, we obtain dim |4P | = 1.
A conic in i(5P ) should be C2. But the intersection C0.C2 contains 4P but not
5P . Hence we get i(5P ) = 0, which implies that dim |5P | = 1. Thus, we have
H(P ) = 〈4, 6, 7, 9〉. Since we have
S(2H + nN0) = {8, 12, 14, 18, n, n+ 12, n+ 14, n+ 18},
The semigroup H˜ is either
2H + nN0 + (n+ 2)N0 or 2H + nN0 + (n + 4)N0 + (n+ 6)N0 or
2H + nN0 + (n+ 4)N0 + (n+ 10)N0 or 2H + nN0 + (n+ 6)N0 + (n + 10)N0.
We will prove that the first semigroup is of double covering type. Consider
the line L defined by the equation x− y = 0. Then the intersection C0.L is the
divisor 2A + P + Q1 +Q2 where Q1 = (α, α, 1) and Q2 = (β, β, 1) where α and
β are the roots of a quadratic equation bx2 + (2b− a)x− 3a = 0. Hence we get
|P +Q1 +Q2| = g
1
3
, which implies that 2 = h0(P +Q1 +Q2) = h
0(Q1 +Q2) + 1.
Thus, the first one is of double covering type.
Next, we will show that the second semigroup is of double covering type.
The conic C2 cuts out C at 4P + R1 + R2 where R1 and R2 are distinct from
P . Hence, we get dim |4P + R1 + R2| = dim |KC| = 3, dim |3P + R1 + R2| = 2
and dim |2P +R1 +R2| = 1. Moreover, we have dim |P +R1 +R2| = 0, because
a conic through A, B, P , R1 and R2 should be C2. Thus, the second one is
of double covering type.
We will prove that the third semigroup is of double covering type. The line
y = 0 cuts out C at 2P + S1 + S2 + R where S1 = (
1
2
, 0, 1), S2 = (−
3
2
, 0, 1) and
R = (1, 0, 0). We have a unique conic containing A, B, P , S1 and S2 which has
two irreducible components y = 0 and the line through A and B. Hence, we get
dim |P + S1 + S2| = 0. Moreover, we have dim |2P + S1 + S2| = 1. Since there
is no conic cutting 3P + S1 + S2. Hence, we get dim |iP + S1 + S2| = i − 2 for
i = 3, 4, 5. Thus, the third one is of double covering type.
Lastly, we will show that the fourth semigroup is of double covering type.
Take a point Q in the intersection of yz − x2 = 0 and C, which is distinct
from P , A and B. Let S be a point not in in the intersection of yz − x2 = 0
and C. Then there is no conic containing 2P + Q + S + A + B. Hence, we
get dim |jP + Q + S| = j − 2 for all j = 2, 3, 4, 5. Thus, the fourth one is
of double covering type. ✷
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Proposition 7.3 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume
that g(H˜) ≧ 12. If g(H˜) = 5 +
n− 1
2
where n = n(H˜), then H˜ is of double
covering type.
Proof. Let (C, P ) be a pointed curve with H(P ) = 〈4, 6, 7, 9〉. Then we have
K ∼ 4P + S1 + S2 where S1 and S2 are different from P . In this case the
semigroup H˜ is either 2H + 〈n + 4, n + 6, n + 10〉 or 2H + 〈n + 2, n + 6〉 or
2H + 〈n+ 2, n+ 4〉.
We will prove that the first semigroup is of double covering type. Let Q1 6= P
and let Q2 and Q3 be general points of C. Then we have h
0(K −P −Q1−Q2−
Q3) = 0. Hence, we get
5 = h0(5P +Q1 + Q2 +Q3) = h
0(4P +Q1 +Q2 +Q3) + 1 and
h0(3P+Q1+Q2+Q3) = 3 = h
0(2P+Q1+Q2+Q3)+1 = h
0(P+Q1+Q2+Q3)+2.
Hence, the first one is of double covering type.
We will show that the second semigroup is of double covering type. Let Q1
and Q2 be general points of C. Then we get
h0(3P +Q1 +Q2 +Q3) = 3 and h
0(2P +Q1 +Q2 +Q3) = 2.
Let us consider
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3).
We have K−P −Q1−Q2 ∼ R1+R2+R3 where the set {R1, R2, R3} is uniquely
determined. Moreover, R1 +R2 +R3 6= 3P , because R1 +R2 +R3 = 3P implies
that Q1 +Q2 = S1 +S2, which is a contradiction. We may assume that R3 6= P .
We set Q3 = R3. Then we get
h0(P +Q1 +Q2 +Q3) = 1 + h
0(R1 +R2 +R3 −Q3) = 1 + h
0(R1 +R2) = 2.
Moreover, h0(Q1 +Q2 +Q3) = 1, because Q1 and Q2 are general points. Hence,
the second one is of double covering type.
Finally, we will prove that the third semigroup is of double covering type.
We may assume that C is a general curve with an ordinary Weierstrass point
P , i.e., H(P ) = {4, 6, 7, 9}. Then C has two trigonal systems g1
3
and h1
3
with
g1
3
6∼ h1
3
. Let Q1 be a general point of C. Then K − 2P − Q1 ∼ Q2 + Q3 + Q4
where the set {Q2, Q3, Q4} is uniquely determined. We note that
h0(2P +Qi +Qj +Qk) = 2 + h
0(K − 2P −Qi −Qj −Qk) = 2 + h
0(Ql) = 3
for {i, j, k, l} = {1, 2, 3, 4}. Moreover, we have
h0(P +Qi +Qj +Qk) = 1 + h
0(K − P −Qi −Qj −Qk) = 1 + h
0(P +Ql) = 2
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for {i, j, k, l} = {1, 2, 3, 4}. Hence, it suffices to show that there are distinct i, j, k
such that h0(Qi + Qj + Qk) = 1 where three points Qi, Qj and Qk are different
from P . We may assume that Q2 and Q3 are distinct from P , because if not,
then 4P + S1 + S2 ∼ 2P + Q1 + Q2 + Q3 + Q4 implies that S1 + S2 ∼ Q1 + Qi
for some i, hence a contradiction. We assume that h0(Q1 +Q2 +Q3) = 2. Then
we have
g1
3
∼ Q1 +Q2 +Q3 and h
1
3
∼ K − (Q1 +Q2 +Q3) ∼ 2P +Q4.
Hence, we get Q4 6= P . Here we assume that
h0(Q1+Q2+Q3) = h
0(Q1+Q2+Q4) = h
0(Q1+Q3+Q4) = h
0(Q2+Q3+Q4) = 2.
Using h0(Q1 + Q2 + Q4) = 2, we get Q1 + Q2 + Q4 ∼ Q1 + Q2 + Q3 or Q1 +
Q2 +Q4 ∼ 2P +Q4. Since Q1 is general, we have Q4 ∼ Q3, hence Q4 = Q3. By
h0(Q1 +Q3 +Q4) = 2 we get Q1 +Q3 +Q4 ∼ Q1 +Q2 +Q3 or Q1 +Q3 +Q4 ∼
2P +Q4. Hence, we have Q4 = Q2. Thus we have
2 = h0(Q2 +Q3 +Q4) = h
0(3Q4),
which implies that 3Q4 ∼ Q1 + 2Q4 or 3Q4 ∼ 2P + Q4. In view of Q4 6= P we
have Q4 = Q1, which implies that h
0(3Q1) = 2. Since Q1 is general, this is a
contradiction. Hence, the third one is of double covering type. ✷
Theorem 7.4 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume that
g(H˜) ≧ 12. Then H˜ is of double covering type.
Proof. We set n = n(H˜). If n ≦ 7, then H˜ k 〈7, 8, 12, 18〉 whose genus is 11.
Thus, we may assume that n ≧ 9. Hence, by Lemma 2.2 we may assume that
4 +
n− 1
2
≦ g(H˜) ≦ 8 +
n− 1
2
. By Propositions 2.3, 7.1, 7.2, 7.3 and Corollary
2.8 the numerical semigroup H˜ is of double covering type. ✷
8 Numerical semigroups H˜ with d2(H˜) = 〈5, 6, 7, 8, 9〉
In this section we set H = 〈5, 6, 7, 8, 9〉.
Proposition 8.1 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume
that g(H˜) ≧ 12 and n = n(H˜) ≧ 11. If g(H˜) = 7 +
n− 1
2
, then H˜ is
of double covering type.
Proof. The semigroup H˜ is either
2H + (n+ 8)N0 or 2H + (n+ 6)N0 or
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2H + (n + 4)N0 or 2H + (n+ 2)N0.
For the first semigroup by Proposition 2.4 it is of double covering type.
For the last semigroup let (C, P ) be a pointed hyperelliptic curve with an
ordinary point P . Then there is a unique point Q ∈ C, distinct from P , such
that h0(P +Q) = 2 = h0(Q) + 1. Hence, the last one is of double covering type.
We will prove that the second semigroup is of double covering type. Let
C be a curve of genus 4 with a unique trigonal system g1
3
and P its ordinary
point. Then we have K ∼ 3P + R1 + R2 + R3 with Ri 6= P for each i. We set
Q = R3. Then we obtain h
0(3P +Q) = 1+h0(R1+R2) = 2. Moreover, we have
h0(2P + Q) = h0(P + R1 + R2). Assume that h
0(P + R1 + R2) = 2. Then we
get g1
3
∼ P +R1 +R2, which implies that
3P +R1 +R2 +R3 ∼ K ∼ 2g
1
3
∼ 2P + 2R1 + 2R2.
Hence, we obtain P + R3 ∼ R1 + R2, which contradicts R1 6= P and R2 6= P .
Thus, we get h0(2P + Q) = h0(P + R1 + R2) = 1. Therefore, the second one is
of double covering type.
Lastly we will show that the third semigroup is of double covering type. Let
C0 be the singular plane curve defined by the equation (1). By Bertini’s theorem,
for general a and b the curve C0 has only two singularities A = (1, 1, 1) and
B = (−1, 1, 1). Let C be the normalization of C0. Then the curve C has genus
4. We set P = (
1
2
, 0, 1) and S = (0,−1, 1). Then the intersection C0.(y−2x+ z)
is 2P + S + 2A, which determines a trigonal system g1
3
∼ 2P + S. Moreover,
we have dim |4P | = i(4P ) = 0, i.e., P is an ordinary point. In fact, let C2 be a
conic such that the intersection C2.C contains 4P +A+B. Then the intersection
C2.(y−2x+z) contains 2P+A. Hence, C2 is reducible, so C2 = (y−2x+z) · l for
a line l such that the intersection l.C0 contains 2P +B. This is a contradiction,
because there are two different tangent lines at P . Hence, we get i(4P ) = 0. We
set Q = S. Then we get
h0(P +Q) = 1 and h0(2P +Q) = h0(g1
3
) = 2.
Thus, the third one is of double covering type. ✷
Proposition 8.2 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume
that g(H˜) ≧ 12 and n = n(H˜) ≧ 11. If g(H˜) = 6 +
n− 1
2
, then H˜ is
of double covering type.
Proof. The semigroup H˜ is either
2H + (n + 6)N0 + (n+ 8)N0 or 2H + (n + 4)N0 + (n+ 8)N0
or 2H + (n+ 4)N0 + (n + 6)N0 or 2H + (n+ 2)N0 + (n+ 8)N0
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or 2H + (n + 2)N0 + (n+ 6)N0 or 2H + (n+ 2)N0 + (n+ 4)N0.
We will prove that the first semigroup is of double covering type. We take a
pointed curve (C, P ) with an ordinary point P . Then we have K ∼ 3P + R1 +
R2 +R3 where the divisor R1 +R2 +R3 is uniquely determined. Let Q1 and Q2
be general points. Then we have
h0(4P+Q1+Q2) = 3 and h
0(3P+Q1+Q2) = 2+h
0(K−2P−Q1−Q2−P ) = 2.
Moreover, we get
h0(2P +Q1 +Q2) = 1 + h
0(K − 2P −Q1 −Q2) = 1.
We will see that the second one is of double covering type. Let C be a curve
of genus 4 with a unique trigonal system g1
3
. We take an ordinary point P of C.
We note that K ∼ 3P +R1+R2+R3 with Ri 6= P for all i. Let Q1 be a general
point and K − 2P −Q1 ∼ Q2 +Q3 +Q4. Then we get
h0(4P +Q1 +Qi) = 3 + h
0(K − 4P −Q1 −Qi) = 3
and
h0(3P+Q1+Qi) = 2+h
0(K−3P−Q1−Qi) = 2+h
0(R1+R2+R3−Q1−Qi) = 2.
Now we have
h0(2P +Q1 +Qi) = 1 + h
0(K − 2P −Q1 −Qi) = 1 + h
0(Qj +Qk) = 2
where {i, j, k} = {2, 3, 4}. We assume that h0(P +Q1 +Q2) = 2. Then we get
2P +Q1 +Q2 +Q3 +Q4 ∼ K ∼ 2g
1
3
∼ 2P + 2Q1 + 2Q2,
which implies that Q1 + Q2 ∼ Q3 + Q4. Hence, we may assume that Q1 = Q3
and Q2 = Q4. Assume that h
0(P +Q1 +Q3) = 2. Then we get
2P + 2Q1 + 2Q2 ∼ K ∼ 2P + 2Q1 + 2Q3 ∼ 2P + 4Q1,
which implies that 2Q2 ∼ 2Q1. Hence, we have Q1 = Q2, so Q1 = Q2 = Q3 = Q4.
Thus, we get K ∼ 2P +4Q1. Hence, we have h
0(4Q1) = h
0(K − 2P ) = 2, which
contradicts the generality of Q1. Thus, we get h
0(P +Q1 +Q2) = 1.
We will prove that the third semigroup is of double covering type. Let C, P
and Ri’s be as in the above case. We set Q1 = R1 and Q2 = R2. We have
h0(3P +Q1 +Q2) = h
0(K − R3) = 3
and
h0(2P +Q1 +Q2) = h
0(K −R3 − P ) = 2.
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We assume that h0(P +Q1 +Q2) = 2. Then we have
3P +R1 +R2 +R3 ∼ K ∼ 2P + 2Q1 + 2Q2,
which implies that P + R3 ∼ R1 + R2. This contradicts P 6= Ri for i = 1, 2.
Thus, we obtain h0(P +Q1 +Q2) = 1.
We will prove that the fourth semigroup is of double covering type. Let C, P
and Ri’s be as in the above case. Let g
1
3
− P ∼ Q1 +Q2. Then we have Qi 6= P
for i = 1, 2. In fact, assume that Q1 = P . Then we obtain
3P +R1 +R2 +R3 ∼ K ∼ 2g
1
3
∼ 4P + 2Q2,
which implies that R1 + R2 + R3 ∼ P + 2Q2. This contradicts Ri 6= P , all i.
Hence, we get
h0(Q1 +Q2) = 1 and h
0(P +Q1 +Q2) = h
0(g1
3
) = 2.
Moreover, we have
h0(3P +Q1 +Q2) = 2 + h
0(2g1
3
− 3P −Q1 −Q2) = 2 + h
0(Q1 +Q2 − P ) = 2
and
h0(4P +Q1 +Q2) = 3 + h
0(2g1
3
− 4P −Q1 −Q2) = 3.
We will prove that the fifth semigroup is of double covering type. We use the
notations in the proof where the third semigroup in Proposition 8.1 is of double
covering type. Let K ∼ 3P + R1 +R2 +R3 with Ri 6= P , all i. Then the curve
C defined by the equation (1) has two distinct trigonal systems g1
3
and h1
3
. If
not, we have 4P + 2S ∼ 2g1
3
∼ K ∼ 3P + R1 + R2 + R3, which implies that
P + 2S ∼ R1 + R2 + R3. This contradicts Ri 6= P , all i. Let h
1
3
− P ∼ S ′ + S ′′.
Then we get
3P + S + S ′ + S ′′ ∼ g1
3
+ h1
3
∼ K ∼ 3P +R1 +R2 +R3,
which implies that S + S ′ + S ′′ = R1 + R2 + R3. Hence, we may assume that
S = R1, S
′ = R2 and S
′′ = R3, so we have g
1
3
∼ 2P +R1 and h
1
3
∼ P +R2 +R3.
We set Q1 = R2 and Q2 = R3. Then we have
h0(Q1 +Q2) = 1 and h
0(P +Q1 +Q2) = h
0(h1
3
) = 2.
Moreover, we get
h0(2P +Q1 +Q2) = 1 + h
0(K − 2P −Q1 −Q2) = 1 + h
0(P +R1) = 2
and
h0(3P +Q1 +Q2) = 2 + h
0(K − 3P −Q1 −Q2) = 2 + h
0(R1) = 3.
23
We will show that the last semigroup is of double covering type. Let C be a
hyperelliptic curve of genus 4. Then there is a unique point Q distinct from P
with P +Q ∼ g1
2
. We set Q1 = Q2 = Q. Then we have
h0(Q1 +Q2) = h
0(2Q) = 1 and h0(P +Q1 +Q2) = h
0(P +Q+Q) = 2.
Moreover, we obtain
h0(2P +Q1 +Q2) = 1 + h
0(3g1
2
− 2P − 2Q) = 1 + h0(g1
2
) = 3.
✷
Proposition 8.3 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume
that g(H˜) ≧ 12 and n = n(H˜) ≧ 11. If g(H˜) = 5 +
n− 1
2
, then H˜ is of double
covering type.
Proof. The semigroup H˜ is either
2H+(n+4)N0+(n+6)N0+(n+8)N0 or 2H+(n+2)N0+(n+6)N0+(n+8)N0 or
2H+(n+2)N0+(n+4)N0+(n+8)N0 or 2H+(n+2)N0+(n+4)N0+(n+6)N0.
We take a pointed curve (C, P ) with an ordinary point P . Then we have K ∼
3P +R1 +R2 +R3 where the divisor R1 +R2 +R3 is uniquely determined.
We will show that the first semigroup is of double covering type. Let Q1, Q2
and Q3 be general points of C. Then we have h
0(4P + Q1 + Q2 + Q3) = 4 and
h0(3P +Q1 +Q2 +Q3) = 3. Moreover, we get
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(K − 2P −Q1 −Q2 −Q3) = 2
and
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3) = 1.
Next, we will prove that the second semigroup is of double covering type.
Let Q1 and Q2 be general points and Q3 a point distinct from P . We have
h0(4P +Q1 +Q2 +Q3) = 4. Since Q1 and Q2 are general, we get
h0(3P +Q1 +Q2 +Q3) = 3 and h
0(2P +Q1 +Q2 +Q3) = 2.
Let K−P−Q1−Q2 ∼ S1+S2+S3 for some points S1, S2 and S3. If S1+S2+S3 =
3P , then we get R1 +R2 +R3 ∼ P +Q1 +Q2, which contradicts Ri 6= P for all
i. Hence, we may assume that S3 6= P . We set Q3 = S3. Then we get
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3) = 1 + h
0(S1 + S2) = 2.
Since Q1 and Q2 are general, we have h
0(Q1 +Q2 +Q3) = 1.
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We will prove that the third semigroup is of double covering type. Assume
that C has a unique trigonal system g1
3
. Let Q1 be a general point, and Q2 and
Q3 two points distinct from P . Then we have
h0(4P +Q1 +Q2 +Q3) = 4 and h
0(3P +Q1 +Q2 +Q3) = 3.
Let K − 2P − Q1 ∼ S1 + S2 + S3. Then we have Si 6= P . In fact, let S3 = P .
Then we get
R1 +R2 +R3 ∼ Q1 + S1 + S2,
which contradicts the generality of Q1. We set Q2 = S2 and Q3 = S3. Then we
have
h0(2P +Q1 +Q2 +Q3) = 2 + h
0(K − 2P −Q1 −Q2 −Q3) = 2 + h
0(S1) = 3.
Moreover, we see that
h0(P +Q1 +Q2 +Q3) = 1 + h
0(K − P −Q1 −Q2 −Q3) = 1 + h
0(P + S1) = 2
and
h0(Q1 +Q2 +Q3) = h
0(K −Q1 −Q2 −Q3) = h
0(2P + S1).
We assume that h0(2P + S1) = 2. Since g
1
3
is a unique trigonal system which is
linearly equivalent to 2P + S1, we have
3P +R1 +R2 +R3 ∼ K ∼ 4P + 2S1,
which induces that R1 +R2 + R3 ∼ P + 2S1. This contradicts Ri 6= P for all i.
Hence, we get h0(Q1 +Q2 +Q3) = 1.
Finally, we will see that the last semigroup is of double covering type. We
set Qi = Ri for i = 1, 2, 3. Then we have
h0(3P +Q1 +Q2 +Q3) = h
0(K) = 4, h0(2P +Q1 +Q2 +Q3) = h
0(K −P ) = 3,
h0(P+Q1+Q2+Q3) = h
0(K−2P ) = 2 and h0(Q1+Q2+Q3) = h
0(R1+R2+R3) = 1.
✷
Theorem 8.4 Let H˜ be a numerical semigroup with d2(H˜) = H. Assume that
g(H˜) ≧ 12. Then H˜ is of double covering type.
Proof. Let n = n(H˜) ≦ 9. If n = 9, then we get H˜ k 〈9, 10, 12, 14, 16〉 whose
genus is 12. Let (C, P ) be a pointed curve with an ordinary point P . We set
D = 5P . The same proof as in Theorem 2.2 of [6] works well. Thus, the
semigroup H˜ is of double covering type. If n ≦ 7, then we have g(H˜) < 12.
Hence, we may assume that n ≧ 11. If g(H˜) = 8 +
n− 1
2
, 7 +
n− 1
2
, 6 +
n− 1
2
,
5+
n− 1
2
, 4+
n− 1
2
, then H˜ is of double covering type by Propositions 2.3, 8.1,
8.2, 8.3, Corollary 2.8 respectively. ✷
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